The Wightman axioms are extended to the quantum field theory in terms of Fourier hyperfunctions. The support concept of hyperfunctions is crucial for the formulation of locality and spectral condition. The complete equivalence is proved between modified Wightman axioms for relativistic theory and modified Osterwalder-Schrader axioms for Euclidean theory. § I. Introduction
The aim of the present series of papers is to extend as far as possible the framework of the axiomatic quantum field theory and at the same time to establish the axioms for Euclidean Green's functions which are completely equivalent to a set of axioms for the relativistic vacuum expectations (modified Wightman axioms). We have shown in previous papers [11, 12] that this aim is achieved on the basis of the theory of Fourier hyperfunctions which was founded by M. Sato, in place of tempered distributions playing a central role in Wightman's original formulation of the axiomatic quantum field theory.
Several authors have attempted to extend the Wightman axioms for quantum field theory so as to include into the theory a wider class of fields which, owing to singular (or nonrenormalizable) interactions, are no longer described by tempered distributions [1, 2, 8] . In the first paper of the present series [11] , which will be quoted as NM I, we succeeded to formulate the quantum field theory in terms of Fourier hyperfunctions which had been studied extensively by Kawai [10] . The space of Fourier hyperfunctions is the dual of the space of rapidly decreasing holomorphic functions. Since the latter space contains no function of compact support in the usual sense, we are forced to modify the statement of the locality axiom. This problem was fortunately resolved thanks to a noticeable notion of the "support of hyperfunctions". This concept has been effectively also for the formulation of the spectral condition. The remaining axioms do not require any essential alteration compared with Wightman's axioms. The quantum field theory in terms of Fourier hyperfunctions has been shown to contain all other extensions of Wightman's formulation which were constructed concretely up to the present.
In the recent development of the Euclidean field theory it had been revealed that the temperedness of fields bring inconvenience in asserting the complete equivalence of the relativistic and Euclidean field theory.
In order to get a reconstruction theorem for tempered fields satisfying the usual Wightman axioms, Osterwalder and Schrader [14] were compelled to introduce besides the distribution axiom a technical condition, what they called the linear growth condition, into the axioms for Euclidean Green's functions. It is worth tempting to use hyperfunction fields in place of tempered fields to get the complete equivalence of the relativistic and Euclidean field theories. This approach has once been advocated by Glaser [4] . In our second paper [12] , which will be referred to as NM II, we have realized this program. In doing so, however, we found it necessary to make a slight extension of the Fourier hyperfunctions, while preserving all the results obtained in NM I. The new Fourier hyperfunction was named the Fourier hyperfunction of the second type in distinction from the old, the Fourier hyperfunction of the first type, which we had used in NM I and forms a subset of the former. In NM II we proved the complete equivalence in question for the case when Wightman functions are assumed to be Fourier hyperfunctions of the second type for temporal variables, while they are of the first type for spatial variables.
The symmetric treatment of time-and space-variables is recovered in the present paper, though the results in NM II still keep their own significance. Here we use only Fourier hyperfunctions of the second type, so we shall omit in what follows the phrase "of the second type", except when we feel a special need of using it. In the fourth section Fourier hyperfunctions of the second type are introduced in a way somewhat different from NM I, II and Ref. [7] . For readers' convenience we shall repeat to express some definitions and statements which are found in NM I and II, however this time all in the language of the second type Fourier hyperfunctions. In the last section the complete equivalence of the Euclidean and relativistic field theories in terms of the second type Fourier hyperfunctions will be proved. § 2. Notations and Conventions (ii) For x^ §J*~l we write x = y 00 and let y be the corresponding point on S k~l . Then a fundamental system of neighborhoods of x is given by An open set Q in Q n is said to be an 0-pseudoconvex domain if it satisfies the condition:
( i) sup flnC n, !<:,-<;" {2| Im zj\ -1 Re z s \ } ^M< oo .
(ii) There exists a plurisubharmonic function 0 (2) on J2 fl C n having the properties that {z; 6(z) <^c} C ($ f| C n } for any c<^oo and
The following theorem ensures that any compact set in D n has a «# fundamental system of 0-pseudoconvex neighbourhoods. 
Proof.
Since it is easily checked that i,J this lemma follows from Theorem 2.2.1' of Hormander [6] .
Lemma 4,9 8 Let K be a compact subset of D n , then the coho-
Since K has a fundamental system of 0-pseudoconvex neighbourhoods by Theorem 4.7, and since H l (B. 0) for an (5-pseudoconvex
domain B is an inductive limit of cohomology groups of covering:
it is sufficient for the proof of the lemma to show that the group H 1 ( {S*}, 0) is vanishing.
We denote by C s (Z loc {Vj}} the set of all cochains c={cj} 9 wherê = C/o> ""? Js) £=N S+1 , satisfying the conditions
where dk is the Lebesgue measure on U 2n .
For any cocycle {d^} in ff^Sj}, 0) it may be assumed that c={cij 
1) u is a homomorphism.
2) u is of closed range.
Proof. See Grothendieck [5] . Proof. By the preceding lemma it suffices to show that the mapping is surjective, which however follows immediately from Lemma 4.9 and the exactness of the sequence 
which is an extension of /i and / 2 , and we have <//, flr> = <#,/*>, z " = l> 2 -Next, take any f^O(K l P, Xz) and write it in the form f=fi-f z with some /i GE 0 (X" € ) , z = l, 2.
Then a linear mapping <X/)> is defined on Q(Ki nX" 2 ), which is irrespective of the decomposition of f. The continuity of the linear form comes from Lemma 4.11.
Let {Ki} iGl be an infinite family of compact sets which carry jU.
Put K= Hiei^. Then for any neighbourhood U of K there exists a finite subset J of I such that U~D f| isr^-From the definition of the topology of 0(K) and the above argument follows jU^L(0(K), H) .
This completes the proof. We define the space of H"-valued Fourier hyperfunctions on J? by 
is injective and surjective.
We define the restriction mapping into a)CJ2 by Proof. We here also prove the theorem only for the scalar-valued and moreover by the argument Ib) that it is increasing, thus Q = \J n = ifi n , fi n cfi n+1 , T n^3 l(Sn) and T n+p | fi n = T n for any positive integer p.
Furthermore it may be assumed that Q -fi n does not have connected components disjointed from 9(fini£ n ). Let T n e(0(fi n ))' be a representative of T n and d n be a distance which provides the topology of (0(fi -fi n )) 7 In extending the usual Wightman framework of the axiomatic quantum field theory our greatest concern will be how to formulate the locality axiom for extended theory. The strictly localizability of fields A(f) connects intimately with the fact that f belongs to a function space which contains C°° functions with compact support. Such classes of test functions have been kept more or less in the concrete attempts to extend the Wightman axioms for quantum field theory made so far by several authors [1, 2, 8 ]. An abstract argument on the class of fields incorporated with the locality in extended sense has been given by Lomsadze and his coworkers [15] .
Here we wish to formulate axioms for Fourier hyperfunction fields.
Since the test function space 3?** of Fourier hyperfunctions no longer contains any function of compact support, we are obliged to modify the statement of the locality axiom. It will turn out that the celebrated notion of the "support of Fourier hyperfunctions" we have just exhibited in the preceding section plays a crucial role in settling this difficulty and also in the formulation of the spectral condition. Except these the axioms for Fourier hyperfunction fields can be stated in parallel with Wightman's axioms for tempered fields, but for completeness we shall write all of them down mutatis mutandis.
Zeroth Axiom. The space of states is a Hilbert space H over the complex number C. For 0, W EE H the inner product in H will be denoted by (0,80. That operator will be denoted by <A n ,/) and written formally as , then what we have just ascertained shows that J2 n (A)
eL(j?(S 0 ),jH). ^ is readily seen that <A\ g yS n . k (f) =S n (g(g)f)
and for 1^/^z-l .
Let us define likewise 5* as the closure of {p n ; q k^V +}. Then G n (p n )
, JH). To put this in another way we write Q n (p^) »-i), then we obtain ¥ n (q 0 , q n^ eL(0(V7), H). Since W n _i(g n _i) is a Fourier hyperfunction whose support is contained in V+ n~l .
This completes the proof of (R5). If f has only one component f=f n^^^n -> we write formally 9 where £(p) is the resolution of unity associated with the energy-momentum operator P and if supp%fll^+=0 the right hand side of this equality vanishes. This fact shows that the spectrum of the energy-momentum operator P is contained in V+. The statement that the cluster property (R4) implies the uniqueness of the vacuum is verified in the same way as in the tempered fields [17] .
Reconstruction of relativistic fields

Sx(p)dE&)f n (ft=f n (x(qJ$)
Finally the locality axiom is proved as follows: We set @o = ^o = l and it is evident that S n _ie (^(jR""" 1 ) 7 . With the aid of a geometrical argument of Osterwalder and Schrader [13] we have the distribution property. The last statement of (EO) follows immediately from
Euclidean convariance. Cluster porperty.
where /e ^< (R 4n ) , g e ^< (IT ra ) and a -(0, a) .
For the proof of these four properties of Schwinger functions we only refer to NM II. Remark. In NM II we have proved the same theorem for the case of a smaller class in which Wightman Fourier hyperfunctions are of the first type for spatial variables, while they are of the second type for temporal variables. which establishes (A^) as required. Thus the lemma has been proved for N-Q.
Assuming that the inequality (8-13) has been verified for OfS-ZV <;M-1, we will prove it for M. For (iii) 0(*)>0 near 9YcC n .
(iv) sup inc »0(z)<JAf L <oo for an}^ L(£lQ p . where p e is a molifier in R 2n . Then 0(z) thus defined is strictly plurisubharmonic and d(z)<^0 on T, and ^(2;)>0 near dV for sufficiently small £^0, thus all the required properties having been satisfied.
Construction of
